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Great Empirical Success of Deep Models
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A sharp difference between theory and practice
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What Deep Learning Brings?
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Overall Research Philosophy

* Analyze the property of training loss plus Neural architecture

* Propose novel loss [ architectures that lead to empirical
iImprovement

Blackbox Open the Blackbox



Contrastive versus Non-contrastive Learning

Data Augmentation
X1, X2 ~ paug(' |2¢)

Minimize Maximize
Contrastive x, distance d; X distance d;; X
Learning - . J
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Network 1
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Formulation of Contrastive Learning

/ fli'] InfoNCE loss:
l
sample i | Positive pairs: exp(—diz/r)

N
| Minimize distance d; L — _Tz ]Og
\ I - =1 € exp(—diz/r) + Zjil- exp(—dl-zj/r)
fFlil
]
]

| Negative pairs: Intra-view distance d; = ||f[i] — f[i']l|5/2
Il Maximize distance d;;

Sample j — f[]]

Inter-view distance dl-zj = \f[i1 = FLilI5/2



Representation Collapses in Contrastive Learning

Shouldn’t contrastive learning make full use of all dimensions? The answer is No...
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Representation Collapses in Contrastive Learning

If things are collapsed during training, why not just pick a subset of the dimensions directly?

Representations

SimCLR 2-layer nonlinear projector 66.5

X | Augmentation InfoNCE  SimCLR 1-layer linear projector 61.1

loss SimCLR no projector 51.5

Z
- / X D—' r \ Loss function Projector Top-1 Accuracy
npu
_—

\ N D 9 DirectCLR no projector 62.7
r_I

Encoder




A family of contrastive losses

General Loss function we consider (¢, ) are monotonous increasing functions)

. ./ ; N
xEL] x[ll] x%;] 2 2
min Ly ., (0) = E § di —djj
Multi-layer network 6 6 ¢,¢( ) i—1 ¢ ( j#i l/)( l l] )
[

flil fIi'] flil

K l Intra-view distance d? = ||f[i] — f[i']ll5/2
d? d;;
\‘L / Inter-view distance dl-zj = f[i]1 = FLi1II5/2

o P

[Y. Tian, Understanding Deep Contrastive Learning via Coordinate-wise Optimization, NeurlPS’22]



Fxample: InfoNCE

N

= r Y log I
Lnce = T1=1 OgEGXP( dZ/T)-I_Z]ileXp( d /T)

DX I TREEL)

J#F1

¢(x) = tlog(e + x) P(x) = exp(x/7)



Coordinate-wise Optimization

Minimizing contrastive loss L ., <> Coordinate-wise optimization:
a; = argmin&,(0;) — R(a)
aeEA
Ot + Tlvegat(et)

Ori1:

Max-player 0

Learns the representation to maximize contrastiveness.

Min-player a
Find distinct sample pairs that share similar representation (hard negative pairs)
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The Energy Function £,(0)

The energy £, is defined as the trace of contrastive covariance C,,:

E.(0) =trCy[fo(x), fo(x)]

The contrastive covariance C,[x,y] := Xg — 5y,
Inter-sample ZO = 2 aij(x[i] — x[]])()’[l] — yU])T
L,j

prasample Taug = 9 (2 o j) (x[i] - x[i'D[i] - YLD

[ JE



A general family

Contrastive Loss o(x) (x)
InfoNCE (Oord et al., 2018) Tlog(e + z) |e®/™

MINE (Belghazi et al., 2018) log(x) e¥

Triplet (Schroff et al., 2015) x [z + €]+
Soft Triplet (Tian et al., 2020¢) Tlog(l + x)|e®/ 7T

N+1 Tuplet (Sohn, 2016) log(1+x) |€”

Lifted Structured on Songetal, 2016)|[log(z)]5.  |e* ™€

(Coria et al., 2020) T sigmoid(cz)
(Ji et al., 2021) linear linear
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Different Losses, Same Energy Function

Contrastive Loss o(x) Y(x)
InfoNCE (Oord et al., 2018) Tlog(e + z) [e®/7
MINE (Belghazi et al., 2018) log(x) e”
Triplet (Schroff et al., 2015) 2 24€] 4
Soft Triplet (Tian et al., 2020c) Tlog(l + ) |e®/ "t
N+1 Tuplet (Sohn, 2016) log(1+x) |e*
Lifted Structured (on songetal, 2016)|[log(z)]5  |e* ™€
(Coria et al., 2020) 1y sigmoid(cx)
(Ji et al., 2021) linear linear

Different loss functions (¢, ) corresponds to the same energy function £
How the min player a operates are different.
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How min player « is determined?
If Y(x) = e*/*, then we have a(0) := arg rréidrql E,(0) —R(a)

where the feasible set A = {a: Vi,z: ajj = TTHED (&), aij = O}

J#i

and entropy regularization term R(a) := ZTZ 1 H(a;.) & = 2 Y(d; —

For infoNCE with € = 0, solving the optimization problem vyields:

exp( d? /T)
Z]#exp( d? /T)

We put more weights on small dl], i.e., distinct samples with similar representations

a;j(0) =



Feature Collapsing! Deep linear case with fixed «

If fo(x) = W, W;_;..W;x, then almost all local optima are global and it is PCA

Theorem 3 (Representation Learning with DeepLin is PCA). If Anax(Xa) > 0, then for any local
maximum 0 € © of Egn. 11 whose W>T 1Ws1 has distinct maximal eigenvalue:

e there exists a set of unit vectors {'Ul}lL=0 so that |!/Vl = 'vl'vlT_ for 1 <1 < L, in particular,
v is the unit eigenvector corresponding to Amax(Xa),

1. Nearby weights align

* 0 is global optimal with objective £* = A\pax(Xa). 2. All W has rank-1 structure

Contrastive Covariance X Eigenspectrum of X ; Objective over time Singular value dynamics Singular vector alignment
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Coordinate-wise Optimization

Minimizing L ,, <> Coordinate-wise optimization:

a; = argmin £,(0;) — R(a)

Ory1 =0 + Uvegat(et)
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Coordinate-wise Optimization

Minimizing L ,, <> Coordinate-wise optimization:

Ory1 =0 + Uvegat(et)



Proposed: Pair-weighed CL (a-CL)

The min player a can be optimized by a loss function, or directly
specified:

ay = C((Ht) Pairwise importance

01 =0 +NVoGas 0.)
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Experimental Results

CIFAR-10 STL-10

100 epochs | 300 epochs | 500 epochs 100 epochs | 300 epochs | 500 epochs
L quadratic 63.59 £ 2.53 | 73.02 £ 0.80 | 73.58 £ 0.82 || 55.59 +-4.00 | 64.97 = 1.45 | 67.28 == 1.21
Lorce 84.06 £ 0.30 | 87.63 £0.13 | 87.86 = 0.12 || 78.46 4= 0.24 | 82.49 4 0.26 | 83.70 = 0.12
backprop a(0)|| 83.42 £ 0.25 | 87.18 = 0.19 | 87.48 £ 0.21 || 77.88 £ 0.17 | 81.86 +0.30 | 83.19 £+ 0.16
a-CL-rg 84.27 £0.24 | 87.75 £ 0.25 | 87.92 £ 0.24 || 78.53 =2 0.35 | 82.62 = 0.15 | 83.74 = 0.18
a-CL-7, 83.724+0.19 | 87.51 = 0.11 | 87.69 & 0.09 || 78.22 - 0.28 | 82.19 == 0.52 | 83.47 £ 0.34
a-CL-7g 84.72 +0.10 | 86.62 1 0.17 | 86.74 = 0.15 || 76.95 4 1.06 | 80.64 4 0.77 [ 81.65 4= 0.59
a-CL-direct |[85.09 +£0.13/88.00 £ 0.12(88.16 +0.12{|79.38 :-0.16|82.99 +0.15|84.06 - 0.24
* (a-CL-rg) Entropy regularizer ry(a;;) = —27a;; log ;45
* (a-CL-r,) Inverse regularizers 7. (a;;) = 12_—204;3._7 (y> 1.
* (a-CL-75) Square regularizer r4(a;;) = —Fos3;. * (a-CL-direct) Directly setting a: a;; = exp(—d;;/7) (p > 1).




Experimental Results

More datasets

CIFAR-100
100 epochs 300 epochs 500 epochs
Lyce 55.696 £ 0.368 59.706 £ 0.360 59.892 + 0.340
a-CL-direct || 57.144 +0.150 | 60.110 +0.187 | 60.330 + 0.194

Backbone = ResNet50

Dataset Method 100 epochs 300 epochs 500 epochs
CIEAR-10 Loce . 86.388 + 0.157 89.974 4+ 0.138 90.194 4 0.232
a-CL-direct || 87.406 + 0.227 | 90.228 +0.185 | 90.366 + 0.209
CIFAR-100 Loce . 60.162 4 0.482 65.400 + 0.310 65.532 4 0.297
a-CL-direct || 62.650 = 0.181 | 65.630 +- 0.263 | 65.636 + 0.269
STL-10 Lce . 81.635 + 0.244 86.570 £ 0.174 | 87.900 £ 0.222
a-CL-direct || 82.850 £ 0.171 | 86.870 £ 0.178 | 87.653 £0.175
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Nonlinear Setting

CL with linear model connects with classic approaches.

Where does the magic of deep models come from?

Nonlinearity!

[Y. Tian, Understanding the Role of Nonlinearity in Training Dynamics of Contrastive Learning, ICLR’23]



Overview of Nonlinear Analysis

* One and Two-layer nonlinear networks

* Homogenous activations: h(x) = h'(x)x
* Linear, ReLU, leaky ReLU and monomial activations h(x) = xP (with additional
constant)

* Training Dynamics / Critical Point Analysis
* Statistics of local optima.
* Dynamics of weights during training

[Y. Tian, Understanding the Role of Nonlinearity in Training Dynamics of Contrastive Learning, ICLR’23]



Nonlinear Setting

One-layer nonlinear network: f3(x) = h(w'x)

h(wlx)

max Cq[fg] = Co[h(W"x)]

wll2=1

| ] X

1-layer network



Nonlinear Setting

One-layer nonlinear network: f3(x) = h(w'x)

h(wlx) T
max Cq[fg] = Co[R(W" x)]
wllz=1
w
| L Homogeneity: C,|h(wTx)| = wTC,[¥*]w
1-layer network W = x - h'(w'x) is the gated data point

v
Similar to covariance matrix in PCA,

but now the matrix is not constant.



Nonlinear Setting

One-layer nonlinear network: f3(x) = h(w'x)

h(wlx) T
max Cq[fg] = Co[R(W" x)]
wllz=1
w
| L Homogeneity: C,|h(wTx)| = wTA(w)w
1-layer network W = x - h'(w'x) is the gated data point



Training Dynamics

Pt =1 — ww! is the projection matrix

w = PirA(w)w

Very much like power iteration, but A(w) changes over w!



1-layer 1-node nonlinear network W = By A(w)w

Linear Non-linear

....................... Const A(w) [omn

*
‘A

¢, (w): Largest eigenvector of A(w) = C,[x"] Multiple largest eigenvectors!



1-layer multiple node nonlinear network

Linear model Nonlinear model
1. Every wy, converges to the global maximal 1. Each wy can converge to different patterns
eigenvector 2. More nodes with diverse initialization learn more

2. More nodes do NOT help. patterns!
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Learning doesn’t collapse

-contrastive
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No Predictor / No Stop-Gradient do not work

If there is no EMA (W = W,), then the dynamics becomes:

No Predictor
W=—(X"4+nW

PSD matrix

No Stop-Gradient (Here W, == W, — I

d ~ ~
S vee(W) = - [X’ @ (WpWp+1)+ X QW Wy + nfmnz] vec(W)

PSD matrix
In both cases, W — 0



Why Non-contrastive Learning doesn’t collapse?

Eigenspace alignment

1.0
0.8 1
0.6 1
0.4 1
0.2 1

0.0 -

Normalized correlation

—-0.2 4

—0.4 -

""""""" Epoch 0
STL-10 Training Epoch 5

(ResNet18) —— Epoch 10
—— Epoch 15
—— Epoch 20
—— Epoch 95

40 60 80 100 120
Sorted eigenvalue index
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Predictor W

Theorem 3: Under certain conditions,

FW, —W,F - 0whent - +o
and the eigenspace of W), and F gradually aligns.

F == E[ff"] is the statistics of the input before W,



Why Non-contrastive Learning doesn’t collapse?

When eigenspace aligns, the dynamics becomes decoupled:

pj = QpS;|T [ — (1 + 02)]9.7'] \\///
Sj = 2p;s; [7' —(I1+o )pg] - 27733
s;7 = B —1)s; —T78;/2. 0 |

Where p; and s; are eigenvalues of W, and F P

Invariance holds: s;(t) = Oz_lp3 (t) + e 2"c;
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Why Non-contrastive Learning doesn’t collapse?

1D dynamics of the eigenvalue p; of W,:

D = p ’7' (t) — (1 + o /npj
Variance due to Weight Decay

data augmentation
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Why Non-contrastive Learning doesn’t collapse?

1D dynamics of the eigenvalue p; of W,: A

pj = p5 [7(t) — (14 0%)p;| — np;
e Stable Stable

Trivial Nontrivial

EMA / c« ===

_—— = P

Variance due to Weight Decay
data augmentation

@ stable stationary point @ Unstable stationary point
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Why Non-contrastive Learning doesn’t collapse?

1D dynamics of the eigenvalue p; of W,:

pj = p5 [7(t) — (14 0%)p;| — np;

Yayay

Variance due to Weight Decay

data augmentation

facebook Artificial Intelligence

i _T—\/T2—4T](1+O'2) n
Pj-= 2(1+02) T

Non-trivial Basin

Trivial Basin

A

Stable
Nontrivial

Stable
Trivial
= == = -

_—— = P

@ stable stationary point

@ Unstable stationary point



DirectPred

* Directly setting linear W), rather than relying on gradient update.

1. Estimate F = pF + (1 — p)E[ff"]
2. Eigen-decompose F = UALUT, Ar = diag [sy, S, ..., S4]
3. Set W, following the invariance:

pj = +/8; + €emaxs;, W, = ﬁdiag[pj]UT

J

Guaranteed Eigenspace Alignment ©



Performance of DirectPred on STL-10/CIFAR-10

Downstream Classification Top-1

Number of epochs

100 | 300 500
STL-10
DirectPred 77.86 +0.16| 78.77 = 0.97 | 78.86 £ 1.15
DirectPred (freq=5)|| 77.94 = 0.11 |79.90 = 0.66|80.28 + 0.62
SGD baseline 75.00 =0.52 | 75.25 = 0.74 | 75.25 = 0.74
CIFAR-10

DirectPred 85.21 + 0.23|88.88 +-0.15| 89.52 4+ 0.04
DirectPred (freq=5)|| 84.93 4= 0.29 | 88.83 £ 0.10 |89.56 = 0.13
SGD baseline 84.49 + 0.20 | 88.57 £ 0.15 | 89.33 = 0.27




Performance of DirectPred on ImageNet

Downstream classification (ImageNet):

, Accuracy (60 ep) || Accuracy (300 ep)
BYOL variants Top-1 Top-5 Top-1 Top-5

2-layer predictor || 64.7 | 85.8 72.5 90.8
linear predictor 59.4 82.3 69.9 89.6
DirectPred 64.4 85.8 724 91.0

" 2-layer predictor is BYOL default setting.

DirectPred using linear predictor is better than SGD with linear predictor,
and is comparable with 2-layer predictor.



Let’s check Collapsing (“sparsity”) in Transtormers!

Output
Probabilities

(e Form ) |
Feed n o)
Forward 5 100% g 100%
© el
Q g >
. \ z o g 98%
g 80% =
Feed Attention I 2 96%
Forward D) Nx > ©
5 60% =
< S 94%
Nx | —~(Adde Norm ) —T— g —— OPT-30B < OPT-30B
Mult-Head Multi-Head i 40%  Attention layers OPT-66B 2 92% MLP layers OPT-66B
Attention Attention ) —
—— OPT-175B R OPT-175B
t L S 20% 90%
N 7N g 0 20 40 60 80 0 20 40 60 80
Positional D & Positional Transformer Layer Transformer Layer
Encoding Encoding
Input Output
Embedding Embedding
Inputs Outputs
(shifted right)

[A. Vaswani et al, Attention is all you need, NeurlPS’17]

[Z. Liu et al, Deja vu: Contextual sparsity for efficient LLMs at inference time, ICML23 (oral)]



Representation Collapses (“sparsity”) in Self-Attention

One layer Transformer, linear MLP

At initialization Common Token Suppression Winners-emergence
Cliny Distinct | Common Cliny Clln,
: A A
Seq class 1 Token g Token Seq class ‘ Seq class
(m' nl) 1 (m' nl) (m' nl)
Il- [0 Il- U, s o
I.-E_— I.- DD !! 0=
Seq class || Seq class Seq class
(m, le) L (m, nZ) (m, le)
v | v v
Clin, Clin, Clin,

facebook Artificial Intelligence [Y. Tian et al, Scan and Snap: Understanding Training Dynamics and Token Composition in 1-layer Transformer, NeurlPS’23]



Understanding Attention in 1-layer Setting

U= [uy,uy, .. uy]": token embedding matrix

Self-attention

Decoding & Softmax T-1
4 P
Ur = Z thuxt = UTXTbT
t=1

Normalization

?
Self-attention ‘ | eXP(’UwIT WQWI—(art/\/C_i)
? ‘ T th — T-1 T T \/’
e @ @ e
e o o XT-1
Contextual tokens Last/query token  Next token

Normalized version iy = UTLN(XThy)

Objective:

T ~ T ~
max =Ep|u Wy —lo exp(u; Wyu
WK’WQ’WV’U] p Wy, , Wyur g El p(u; Wyr)

[Y. Tian et al, Scan and Snap: Understanding Training Dynamics and Token Composition in 1-layer Transformer, NeurlPS’23]



Reparameterization

* Parameters Wy, Wy, Wy, U makes the dynamics complicated.

* Reparameterize the problem with independent variable Y and Z
« Y =UW}UT
/= UWQW,?UT (pairwise logits of self-attention matrix)

* Then the dynamics becomes easier to analyze



Major Assumptions

* No positional encoding

* Sequence length T — +0
* Learning rate of decoder Y larger than self-attention layer Z (ny > n,)
* Other technical assumptions



Xe €E[M]for1 <t<T

Data Distribution e )

K<KM
Contextual tokens x; (1 <t <T —1)
r A -, Last token x; Next token x4
P(llmy,nq) nq

- -
n
Sequence 2

m;
v Ny
Distinct tokens: There exists unique n so that P(l|n) > 0 P(|m, 1) = P(|n) is the
Common tokens: There exists multiple n so that P(l|n) > 0 conditional probability of

token [ given last token x; = m
and xp,1 =n

Assumption: m = yY(n), i.e., no next token shared among different last tokens

Question: Given the data distribution, how does the self-attention layer behave?
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Overall Picture of the Training Dynamics

At initialization

Clin, Distinct
A Token

Seq class
(m,nq)

Common
Token

(m, le)

v

Cl|n2

facebook Artificial Intelligence

v

Seq class

Co-occurrence probability

¥
Clin,: = P(l|m,nq) exp(zm)

Initial condition: z,,,;;(0) = 0

Z,,: All logits of the contextual tokens
when attending to last token x; = m



Overall Picture of the Training Dynamics

Common Token Suppression

Cl|n1

Seq class
(m,nq)

Seq class
(m, le)

A

v

Clin,

facebook Artificial Intelligence

(a) z,,;; < 0, for common token [



Overall Picture of the Training Dynamics

Winners-emergence

Cl|n1

Seq class
(m,n,)

Seq class
(m, le)

A u

v

Cl|n2
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(a) z,,; < 0, for common token [

(b) z;,,; > 0, for distinct token [

Learnable TF-IDF (Term Frequency,
Inverse Document Frequency)



Overall Picture of the Training Dynamics

Winners-emergence

6l|n
. (a) z,,;; < 0, for common token [
Seq class
(minl)
u (b) z,,,; > 0, for distinct token [
ii — - (c) z,,,; (t) grows faster with

Seq class ! larger P(l |m; Tl)
(mJnZ)

5zi'nz Attention looks for discriminative tokens that

frequently co-occur with the query.
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Overall Picture of the Training Dynamics

Winners-emergence

(c) z,; () grows faster with larger P(l|m, n)

é'vl|7’11
A . . _ Cia®
Seq class Theorem 3 Relative gain 7,7, (t) = D —lhasa
(m,ny) close form:
i N 7”1/1’|n(t) = 7”1/1’|n(0))(z(t)
! _ e " If Iy is the dominant token: 17, /1, (0) > 0 forall I # [,
then

Seq class
(m» le) 2

v ezfnlo (0)By(t) < Xlo (t) < eZBn(t)

Clin,

where B,,(t) = 0 monotonously increases, B,(0) = 0



Overall Picture of the Training Dynamics

Winners-emergence

Cl|n1

Seq class
(m,ny)

Seq class
(m» le)

A

/

Contextual
Sparsity

"/

(query-dependent)

v

Cl|n2

L

»
»

(c) z,; () grows faster with larger P(l|m, n)

aﬁn(t)

512'|n(t) — 1 hasa

Theorem 3 Relative gain 7,7, (t) =

close form:

rl/l’ln(t) = Tl/l’|n(0))(l(t)

If Iy is the dominant token: 17, /1, (0) > 0 forall I # [,
then

ezfr%lo (0)Bn(t) < X1, (t) < e2Bn(t)

where B,,(t) = 0 monotonously increases, B,(0) = 0



Overall Picture of the Training Dynamics

Attention frozen

Cl|n1

A

Seq class
(m, nl)

Seq class
(m' le)

v

Cl|n2
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Theorem 4 When t — +o0,

Mnyt
B.(t) ~ In CO+2K21n2( "Y)
Ny K

Attention scanning:
When training starts, B,,(t) = O(Int)

Attention snapping:

Whent =ty =0 (ZKlnM

), B, (t) = O0(Inlnt)

(1) n, and ny are large, B, (t) is large and attention is sparse

(2) Fixing n,,, large ny leads to slightly small B,,(t) and
denser attention



Overall Picture of the Training Dynamics

v=1.0,M=10000

. 1.6 1
Attention frozen
1.4 A
Cl|n1 1.2 1
A 1.0 4
Seq class
(m, nl) % 0.8 -
0.6
0.4 - '72=0-5' nY=05
— nNz=1.0,ny=1.0
. —3 _ 0.2 - — nz=2.0, f]y=20
= g — nz=4.0,ny=4.0
I - 0.0 A — nz=28.0,ny=28.0
Seq class 0 10 20 30 40 50
t
(m! le)
v Larger learning rate 1, leads to faster phase transition
Clin,

Nz Mnyt
B.(t) ~ 1 2k 12 2( )
L () n(Co + 0 n o )
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Simple Real-world Experiments

iter-0 iter-500 iter-1000 iter-1500

o

10 20 30

WikiText2
(original parameterization)

iter-500 iter-1000 iter-1500

0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30
Figure 7: Attention patterns in the lowest self-attention layer for 1-layer (top) and 3-layer (bottom) Trans-
former trained on WikiText2 using SGD (learning rate is 5). Attention becomes sparse over training.

Further study of sparse attention
- Deja Vu, H20 and StreamingLLM

[Z. Liu et al, Deja vu: Contextual sparsity for efficient LLMs at inference time, ICML’23 (oral)]
[Z. Zhang et al, H20: Heavy-Hitter Oracle for Efficient Generative Inference of Large Language Models, NeurlPS’'23]
[G. Xiao et al, Efficient Streaming Language Models with Attention Sinks, ICLR’24]



How to get rid of the assumptions?

* A few annoying assumptions in the analysis
* No residual connections
* No embedding vectors
* The decoder needs to learn faster than the self-attention (ny > ny,).

* Single layer analysis
* How to get rid of them?

* New research work: JoMA



JoMA: JOint Dynamics of MLP/Attention layers

Main Contributions:

1. Find a joint dynamics that connects
MLP with self-attention.
2. Understand self-attention behaviors for
Modified MLP linear/nonlinear activations.
attse‘;';on (lower layer) 3. Explain how data hierarchy is learned in
multi-layer Transformers.

(lower layer)

facebook Artificial Intel l"gence [Y. Tian et al, JOMA: Demystifying Multilayer Transformers via JOint Dynamics of MLP and Attention, ICLR’24]



JOMA Settings

hie = ¢(Wif)

f = UC'b + uq
Uc and u, are embeddings

b=o0(z;)ex/A

Self- ; b = xlequ

< ExpAttn: bl = xlequ

X

uThiS iS an app|e" \ LinearAttn: bl - leql
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Assumption (Orthogonal Embeddings [U¢, u

Cosine similarity between embedding vectors at different layers.

Pythia-70M; Layer: 6; Dim: 512 Pythia-160M; Layer: 12; Dim: 768 Pythia-410M; Layer: 24; Dim: 1024
0.065 5 0.044 0.038 4
10
0.060 1 00421 0.036 1 20
0.0407 8 0.034
> > > L
2 0.055 1 2 29
C T 0.038 4 o 15
e 32 Z 0.032 4
£ 0.050 E 0.036 1 6 £
[} w (4]
c —— c 0.034 o 2 0.030 4 10
2 0.045 1 == 2 2 4 2
O O 0.032 1 O 0.028 1
0.040 1 / 1 0.030 - 2 0,026 1 5
| 0.028 1
0.035 r v r r v . 0 v r v . v . 0 0.024 1y v r v r - 0
0 25 50 75 100 125 0 25 50 75 100 125 0 25 50 75 100 125
Minibatch (k) Minibatch (k) Minibatch (k)
Pythia-1B; Layer: 16; Dim: 2048 Pythia-1.4B; Layer: 24; Dim: 2048 Pythia-2.8B; Layer: 32; Dim: 2560
14 0.0375+ 0.0350 30
0008 12 0.0350 1 0.0325 1 25
> > 0.0325 4 > 0.0300
£ 10 = 15 T 20
£ 0.026 1 < 0.0300 S 0.0275 4
£ g8 £ €
? 0.024 1 » 0.0275 1 n | 15
2 . g 10 9 0.0250
8 0.022 2 0.0250 1 8 0.0225 10
4 0.0225 |
0.020 1 5 0.0200 .
2 0.0200 1 0.0175 1
A . . . . . . o 00173 . . . . . 0 0.0150 1= . . . . . 0
0 25 50 75 100 125 0 25 50 75 100 125 0 25 50 75 100 125
Minibatch (k) Minibatch (k) Minibatch (k)
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JoMA Dynamics

Theorem 1 (JoMA). Let vy, := Ug wy,, then the dynamics of Eqn.[$ satisfies the invariants:

e Linear attention. The dynamics satisfies z2 (t) = ., vi(t) + c.

e Ezp attention. The dynamics satisfies zm(t) = 3 > 1 vi(t) + c.

e Softmax attention. If b, := E,,.[b] is a constant over time and
IElq:m 1> gr B D] = b Eqy—m [D 1 gn b)), then the dynamics satisfies zm(t) =
5 2k VR (t) — k() [|30m + c.

Under zero-initialization (wg(0) =0, 2,,(0) = 0), then the time-independent constant c = 0.

There is residual connection.
Joint dynamics works for any learning rates between self-attention and MLP layer.

No assumption on the data distribution.
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Verification of JOMA dynamics

1.00 —————— I —e—"§.e—_—§a\@Iisnn —
- / B U N TE B B e
(] S 0.75 1 1 (3] © i e
E g " e z 0.75 //
= g 0.50 R = o
& = —— NC(Zn(t), Zm(t)) I 5 0509 [/ e
(@] N N O - ~~N\
2 O 0259 co NCEml(t), Zm(t) S < 1,77 ~—-.
= ] . = © 0.259 s
E N 0.004 === NC(Zma(t), zm(t)) —___. 3 o 1 .
§ g I ,/ é E 0.00 - " — Nc(fm(t). Zm(t))
g CZL) —0.25 A ” I, g ’25 ll ——— NC(Zm]_(t),Zm(t))
li A
© ~0.504 ! © —0.254 | — == NC(Zma(t), Zm(1))
Class label y 0 500 1000 1500 2000 Class label y 0 500 1000 1500 2000
Number of Batches Number of Batches

z.,(t): Real attention logits 1 B
Zn(t): Estimated attention logits by JOMA  Z_.(t) = EZ ve(t) — |lve®|3b,, + ¢

‘\k/_/ ——
Zm (8) Zma (0)
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Implication of Theorem 1

(lower layer)

Modified MLP
Key idea: folding self-attention into MLP (lower layer)

If- '
—> A Transformer block becomes a modified MLP ScaReRton

Linear case (p =1d,K = 1) Nonlinear case (¢ nonlinear, K = 1)

—— component0 L 15 |4
componentl

—— component2 L3

—— component3 L 1.0

Vo(t)
v(t)

—— component1 1
e oo

—— component 2
—— component 3
0 500 1000 1500 2000
Number of MiniBatches

0 1000 2000 3000 4000 5000
#iterations

Most salient feature takes all
(Attention becomes sparser)

|
|
|
|
|
|
I
0.5 | —— component 0
|
|
|
|
| Most salient feature grows, and others catch up
[ (Attention becomes sparser and denser)
|

Saliency is defined as A;,,, = E[g|l, m] - P[l|m] Ay, ~ 0: Common tokens

f f |A;n | large: Distinct tokens

i o : Discriminancy CoOccurrence
facebook Artificial Intelligence



Linear

2 Modified

JoOMA for Linear Activation b= Ao e (2] T

(lower layer)

Theorem 2

erf(v;(t)/2) erf(v;(t)/2)
W = _
€ can prove A, A erf(x) = \/_j de € [-1,1]

Only the most salient token [* = argmax |Ay,;,| of v goes to +

other components stay finite.
Attention becomes sparser

_ V(t) initialization V(t) after convergence (Consistent with Scan&Snap)
S 0.02 1.5 —— component0 L 1.5
w0 . .
5 1.0 ——— componentl
9 .
S 0.01 —— component2
§ 0.5 —— component3 L 1.0
£ 0.00 =
b 0.0 S
5
S -0.01 -0.5 - 0.5
kS
@ —-0.02 -1.0
E

- 0.0
e —-0.03 1.5 :

0 500 1000 1500 2000
Number of MiniBatches

facebook Artificial Intelli gence [Y. Tian et al, Scan and Snap: Understanding Training Dynamics and Token Composition in 1-layer Transformer, NeurlPS’23]



What it we have more nodes (K > 1)?

*V = UMW € RM*K and the dynamics becomes

.1 VoV
V= Zdlag (exp( > ) 1) A A=1[A A, ..., Akl A, = E[gyx]

We can prove that I/ gradually becomes low rank
* The growth rate of each row of V' varies widely.

Due to exp (%), the weight gradient V can be even more low-rank > Galore



JoMA for Nonlinear Activation

Theorem 3

If x is sampled from a mixture of C isotropic distributions,

(i.e., “local salient/non-salient map”), then g 0
o OO o
1 1 0 ®_ ° o
b= Y Al (R + s Y 6 () 5 oo
vl Ivll3 0©_
c C X3
: i T= t ' ° o
Here a; == Eg—m, _ghk]IP’[c], r.=v X, + fo Eq=m[ghkhk]dt, J00,
and 61 and 6, depends on nonlinearity o OE
2

What does the dynamics look like?

v2> U ~ X : Critical point due to nonlinearity
2

V=(u-—v)oexp (_ (one of the cluster centers)



Modified

JoMA for Nonlinear activation ”) P

(lower layer)

Theorem 4

Salient components grow much faster than non-salient ones:

Colored line: dynamics of v(t). Dashed line: target p

ConvergenceRate(j) exp(u7/2)

5000

ConvergenceRate(k) exp(uz/2) ;. [ 4000

. - 3000

ConvergenceRate(j) := In1/6;(t) ” - 2000

6;(t) =1—v;(t)/u; 1-

i (1) () /1 Ilooo
01 : : . ; 0

0 2 4 6 8 #iterations

Sorted index of v components
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MLP
(lower layer)

2) Modified

JoMA for Nonlinear activation ﬁ=<u-v)oexp(”?

Entropy changes over time

2.25 -
Colored line: dynamics of v(t). Dashed line: target ;15000 5 00 - AttentiOn becomes sparser
;. 4000 =) and then denser!
2 1.75 -
3000 >
= ) °
2000 = 1.50 A
1 = “bounce back”
1000 Q
1.25 A
01, . . . . 0
0 2 4 6 8
Sorted index of v components 100 n
0 1000 2000 3000 4000 5000
#iteration
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Real-world Experiments

Layers: 1, val_loss: 5.357 Layers: 2, val_loss: 5.255 Layers: 5, val_loss: 5.169 4 Layers: 10, val_loss: 5.110
2.50 A — layer0 i —— layer0
> layerl
§2.251 1 3
<2.00- |
Wikitext2 §1.75] | ’
C
() 4
g 1.50 1
1.251
1.00 = - T y T - - T T T - y T - T 0 T - T
0 10 20 30 40 50 0 10 20 30 40 50 0 20 40 0 20 40
Minibatch (k) Minibatch (k) Minibatch (k) Minibatch (k)
Layers: 1, val_loss: 5.047 Layers: 2, val_loss: 4.912 Layers: 5, val _loss: 4.762 4 Layers: 10, val_loss: 4.679
2.5 — layer0
é | 3
o
£ 2.01 '
w
oy - c 2
Wikitext103 S \
C 1 5 \‘\v‘\
8 “‘.t‘”
< — layer0 1 %
1.0 layerl
0 50 100 150 200 0 50 100 150 200 0 100 200 0 100 200
Minibatch (k) Minibatch (k) Minibatch (k) Minibatch (k)
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Real-world Experiments

Pythia-70M, Layers: 6, val_loss: 4.021 s Pythia-70M, Layers: 6, val_loss: 4.021 5 OPT-2.7B, Layers: 32, val_loss: 3.274 o 04E))PT—2.7B, Layers: 32, val_loss: 3.274
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Why is this “bouncing back” property useful?

It seems that it only slows down the training??

Not useful in 1-layer, but useful in multiple Transformer layers!
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Data Hierarchy & Multilayer Transtormer

Class label
(observed)

Latent binary
variables .
(not observed) i

Tokens
(observed)

Strong attention

Weak attention



Data Hierarchy & Multilayer Transtormer

Class label
(observed)

Latent binary !
variables .
(not observed) i

Tokens
(observed)

Strong attention

Weak attention

Theorem 5

H
Pl ~]1——
lm] ~ 1 -

H: height of the common latent
ancestor (CLA) of [ & m

L: total height of the hierarchy



Deep Latent Distribution

Q

Strong Attention

Yo

CLA(l', m)

Weak Attention

CLA(l',m")

CLA(l,m)

Layers: 2, val_loss: 5.255

— layer0
layerl

pa—

0 10 20 30 40 50
Minibatch (k)
Layers: 2, val_loss: 4.912

— layer0
layerl

0 50

100 150 200

Minibatch (k)

Learning the current hierarchical structure by

facebook Artificial Intelligence

Layers: 10, val _loss: 5.110

0 20 40
Minibatch (k)
Layers: 10, val_loss: 4.679

0 100
Minibatch (k)

200

slowing down the association of tokens that are not directly correlated




Shallow Latent Distribution

g

Strong Attention

Weak Attention




Shallow Latent Distribution

Self-attention enables Hierarchy-agnostic Learning!

Condition? We need deep Transformers > MobileLLM



Future Work

* How embedding vectors are learned?
* In both Scan&Snap and JOMA, we assume embeddings are constant.

* Positional Encoding

* Formulate the dynamics of Multi-layer Transformers
* How intermediate latent concept gets learned during training?
* Why we need over-parameterization?



Galore: Pre-training 7B model on RTX 4090 (24G)

Memory Comparsion

60 1 BFl6 — Rank Retaingrad Memory Token/s
50 - 1 Adafactor — 8-bit Adamw Yes 40GB 1434
g [ 8-bit Adam 8-bit GaLore 16 Yes 28GB 1532
< 40 + EEZA 8-bit GaLore (retaining grad) ‘
§ BEE $-bit Galore 8-bit GalLore 128 Yes 29GB 1532
> 307 = 16-bit GaLore 128  Yes 30GB 1615
S -
g 20 - 16-bit GalLore 128 No 18GB 1587
=
10 8-bit GalLore 1024 Yes 36GB 1238
* SVD takes around 10min for 7B model, but runs every T=500-1000 steps.
0 .
350M 1B 3B
Model Size Third-party evaluation by @llamafactory_ai

facebook Artificial Intelligence [J. Zhao et al, GalLore: Memory-Efficient LLM Training by Gradient Low-Rank Projection, arXiv'24]



Full-rank Training

Regular full-rank training. At time step ¢, G; = Adam (needs running momentum M, and
—Vwer(Wy) € R™*™ is the backpropagated (negative) variance V; as optimizer states)
gradient matrix. Then the regular pre-training weight up- B
date can be written down as follows (7 is the learning rate): My = p1Me—1 + (1 - 51)Ge
. ey Vi = BoVici 4+ (1 — B2)G;
WT—W()—F’I’]ZGt W0+772/0t Gy (1) étZMt/VVt-I-E
t=0 t=0

Memory Usage Weight (W) Optim States (Mt, V) Pro;ectlon (P)

Full-rank

facebook Artificial Intelligence



Low-rank Adaptor (LoRA)

Adam (needs running momentum M; and

Low-rank updates.. For a linear layer W € R™*™, LoRA : -
variance V; as optimizer states)

and its variants utilize the low-rank structure of the update
matrix by introducing a low-rank adaptor AB: M, =M1+ (1 —B1)Gy

_ 2
Wr = Wy + BrAr, (5) Vi =B2Vio1 + (1 — B2)G;

ét=Mt/th+6

And we optimize Br and At using Adam

Memory Usage Weight (W) Optim States (M, V;) | Projection (P)

Low-rank adaptor mn + mr + 7T1r 2(mr + nr) 0 mn + 3(mr + nr)
W, By Ar Br Ar
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Memory Saving with Gal.ore

Gal.ore
Algorithm 1: Gal.ore, PyTorch-like
for weight in model.parameters(): Gt &« _VW¢(Wt)
iradf‘welght.grad Ift % T == 0-
original space -> compact space o
lor_grad = project (grad) Compute Pt — SVD(Gt) e R™
# update by Adam, Adafactor, etc. T .
lor_update = update(lor_grad) 8t < Pt Gt {prOJeCt}
# compact space —-> original space Rt «— p(Rt) {Adam in /OW-rank}
update = project back (lor_update) ~ = .
weight.data += update Gt < Pth {pl;OjGCt—bGCk}

Wit « We +1nG;

Memory Usage Weight (W) Optim States (M, V;) | Projection (P)

Galore mn 2nr mr mn + mr + 2nr

facebook Artificial Intelligence W, R; P,



Why gradient is low-rank?

Property of Reversible models
Reversible models [Y. Tian. DDN, arXiv’20]

There exists K (x; W) so that

For reversible models trained with £, loss or softmax

v

N
1 T
Ge =< ) (@i = BiWf)f,
=1
Here B; are PSD matrices

1. [Forward]y = K(x;W)x Gradient becomes low-rank (sr(-) is stable rank):
2. [Backward] g, = K'(x;W)g,

Here K (x; W) depends on the input x and < H
weight W in the network V. Sr(Gt) — Sr(Gto) +0

Example: Linear, ReLU / LeakyRelLU, polynomials

1— naz)z(t—to)
1—nA

o 1
A; < A, are two smallest distinct eigenvectors of S := =Y. f,f] ® B;

o ; =1
facebook Artificial Intelligence N



Transformer Case

(lower layer W)

Self-attention

*V = UMW € RM*K and the dynamics becomes

.1 VoV
V= Zdlag (exp( > ) 1) A A=1[A A, ..., Akl A, = E[gyx]

We can prove that V (t) gradually becomes low rank
* The growth rate of each row of V' varies widely.

VoV : i -
Due to exp (T)’ the weight gradient V can be even more low-rank
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Convergence Analysis

For gradient in the following form
G =Xi4; — 2 BiWC;
Let R = PTGQ be projected gradient, then
IR:|lr < (1 —nM)|[Re_1llp — 0
Where M := %Zi min Amin(Bit ) Amin(Cit) — Ly — LgLcD?

Does that mean it works?

No... Ry — 0 just means the gradient within the
subspace vanishes.

How to continue optimization?
Change the projection from time to time!

[ft% T ==0:

6=J4- LB
P, = SVD(G;) € R™*" Zl t Zx AR
Wt=W0+zAWTi
[
40
5| R
E;30- x\\
& Rank = 64 (__*__x______x,...x-——x
A 25 -
Rank = 128
Rank = 256
== Rank =512
\Q \QQ ’\:‘DQ ‘)QQ ,\\Qv A \Q\*'%Q*

Update Frequency



Params Hidden Intermediate Heads Layers Steps Data amount
60M 512 1376 8 8 10K 1.3B
o M 124 a6 16 2% &K 78D
Pre—trammg Results (LLaMA 7B> P pa e 3 @k s
Mem | 40K 80K 120K 150K
(€Y 8-bit GaLore | 18G | 17.94 1539 1495 14.65
8-bit Adam 26G | 18.09 1547 1483 14.61
Tokens (B) 5.2 10.5 15.7 19.7
* Experiments are conducted on 8 x 8 A100
60M 130M 350M 1B
Full-Rank 34.06 (0.36G) 25.08 (0.76G) 18.80 (2.06G) 15.56 (7.80G)
GaLore 34.88 (0.24G) 25.36 (0.52G) 18.95(1.22G) 15.64 (4.38G)
Low-Rank 78.18 (0.26G) 45.51 (0.54G) 37.41(1.08G) 142.53 (3.57G)
LoRA 34.99 (0.36G) 33.92 (0.80G) 25.58 (1.76G) 19.21 (6.17G)
ReLoRA 37.04 (0.36G) 29.37 (0.80G) 29.08 (1.76G)  18.33 (6.17G)
T/ dmodel 128 /256 256 /768 256 /1024 512 /2048
Training Tokens 1.1B 2.2B 6.4B 13.1B

* On LLaMA 1B, ppl is better (~14.97) with % rank (1024/2048)



Compare with Adafactor

LLaMA-7B
12- 50
o 8-bit AdamW
* 8-bit GalLore
2 | 40
S s > - Adafactor
£ | %
5 ol k3
= \ 8_30_
Nl )| 8
bl ] &
%5 5 10 15 20 25 73'0 35 20 -
Tokens (B)

Figure A6 | 7.1B model train with Adafactor and Adam. We found that training with Adafactor . . . 1
resulted in increased training instabilities at larger scales. This resulted in unhealthy training curves 0 5 10 15 20
even at smaller learning rates and increased probability of a divergence. Token Seen ( Billion S)

[J. W. Rae, Scaling Language Models: Methods, Analysis & Insights from Training Gopher]



Fine-tuning Results

SQuUAD (Bert-Base) Oaast-SFT (Reporting Perplexity)
Full-parameter 80.83 88.41 Full-parameter 4.53 3.81 2.98
Galore (r=16) 80.52 88.29 Galore (r=128) 4.51 3.83 2.95
LoRA (r=16) 77.99 86.11 LoRA (r=128) 4.56 4.24 2.94

Belle-1M (Reporting Perplexity)

Method ____| Gemma-2b_| Phi-2_| LLaMA-78_

Full-parameter 5.44 2.66 2.27
Galore (r=128) 5.35 2.62 2.28
LoRA (r=128) 5.37 2.75 2.30

facebook Artificial Intelligence



= O jiaweizzhao / GalLore Q + - ®© n Q. 8

<> Code (©) Issues 13 19 Pullrequests 2  J) Discussions () Actions [ Projects

| m paCt Of Ga |_O re &@» Galore Pubic ®Watch 18 ~ % Fork 93 Starred 927 -~

B8 huggingface / transformers ' public
some / ®_ FEDMLAI @

[ ) |
FEDML_AI
<> Code (©) Issues 799 1 Pullrequests 252 ® Actions [ Projects 25 @ -

LinkedIn / Twitter post:

) Hugging Face Models Datasets Spaces Posts Docs )
FEAT / Optim: Add Galore optimizer 4 & Exciting News! f #pretraining #finetuning #llm #Galore #FEDML
ead ] . FEDML Nexus Al platform now unlocks the pre-training and fine-
ounesbelkada merged 44 commits into huggingface:main frc
 ackio blog g ° S tuning of LLaMA-7B on geo-distributed RTX4090s!
G L ° Ad : L M d l ) Conversation 105 -o- Commits 44 [l Checks 3 . .
aLore: vancing Large viode A~ By supporting the newly developed Galore as a ready-to-launch job
R o o ? . in FEDML Nexus Al, we have enabled the pre-training and fine-tuning of
@ - <4 % younesbelkada commented 2 weeks ago - edited ~ n
Tralnlng on Consumer grade - models like LLaMA 7B with a token batch size of 256 on a single RTX
Hardware What does this PR do? 4090, without additional memory optimization.

As per title, adds the GaLore optimizer from https://github.com/jiaweizzhao/GaLore
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Table 1: Efficient fine-tuning techniques featured in

LLAMAFACTORY. Techniques that are compatible with
each other are marked with v/ , While those that are not
compatible are marked with X
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G mnrens - 1o Efficiency without Compromising  Flash atiention 5 j j ;
S# attention
Pe rfO rmance Quantization X X v v
By Adnan Hassan - March 10, 2024 Unslom X X / X
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Thanks!

89



