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Problem Setting Notation Reparameterization
Decoding & U = [uq, uy, ...uy]": token embedding matrix e Wi prellen Wit VA Z

Softmax Self-attention independent variable Y and Z
=L S  DecoderY = UW}UT
Uy = ) by, = UTXTh . Self- ion Z = cUT
Normalization r ; (e T Self-attention Z = UWoWx U z,,,: All logits of the contextual tokens

when attending to last token x; = m

Then the SGD dynamics can be simplified:

-
Self-attention by = exp(ug, WoWg tz, /Vd)

Lt exp(ud; WoWgsr V) V = nyLN(X"br) (xr4q — )"
D @ D s - f”
Normalized version iy = U"LN(X" br) Z =nyx7(x741 —a@)TYT T_xTdiag(by)X

IX"bzl, normalize
Contextual tokens Query token Next token Objective:
Here Z = [zq,2,,...,2zy]7, each z,, € RM is the I
max | = Ep ugC"T Wyl — 1ng exp(ul Wy iir) attention score for query/last token m:
Wi WoWy,U + pL
X T [ilbr[i . .
2m = 0z X (i) ding(brli) X i) o oY (@rali] - af)
Major Assumptions Data Distribution The power of infinite sequence length T — +o
Contextual tokens x; (1 <t <T —1) Query  Next token
1. No positional encoding ~ A~ ~ ¥ X741 S TP(llm,n) exp(zm)) _ _ P(lm,n)exp(zm) _ . Cimn
2. SequencelengthT —» 4o P(l|myn) n, R TP |m,n) exp(zmy) Do P(UImyn) exp(zmi) " D0y Erjmyn
3. Learning rate of decoder Y is larger than my "
self-attention layer Z (ny > 1) Sequence Lemma 2. Given the event {x7 = m,x7y1 = n}, when T — +00, we have
Classes N3
. . X"br — e, X Tdiag(br)X — diag(cm.n
For other technical assumptions, please | - 1, g ’ 8(br) 8(€m.n)
check the paper. where Cm,n = [Cl|m,n7 Co|m,ns - - - ,CM|m,n]T e RM_ Note that C?—;,nl = 1.

Assume m = (n), i.e., no next token shared among

different last tokens

P(llm,n) = P(l|n) is the conditional probability of Define fyn:= fmn:= Cm,n/”Cm,n”z a £3-normalized version of €y, .
token [ given last token xy = mand xp, 1 =n

Dynamics of Decoder Y Theorem 1. If Assumption 2 holds, the initial condition Y (0) = 0, M > 100, ny satisfies
M~99 <« ny < 1, and each sequence class appears uniformly during training, then after
. . t > K?* steps of batch size 1 update, given event v, 1[i] = n, the backpropagated gradient
Since ny > 1, we analyze the dynamics of decoder Y gli] =Y (xr+1[i] — a[i]) takes the following form:

first, treating the output of Z as constant.

g[z] =7 Ln.fn — E /Bnn’.fn’ (9)
Y = ny f (e — )T oL, = exp(YTfn) n'#n
Y Jn\En n) n 17 GXP(YTfn>

Here the coefficients 1, (t), Bnn (t) and y(t) are defined in Appendix with the following properties:
* (@) &n(t) :==Y(t) D potns B &) F,) (t) Frnr (t) > 0 for any n € [K]| and any t;

* (b) The speed control coefficient v(t) > 0 satisfies v(t) = O(nyt/K) when t < In( i;?K
andy(t) = O (K i K)) when t > 2UEEIADK iy 51 — g(lulnlly

K: number of possible next tokens to be predicted

Nyt

Dynamics of Self-attention Z

Common Token

At initialization Suppression Winners emerge Attention frozen
6””1 Distinct 6l|n1 é'vlml El|n1
A Token A 4 1
Seq class Seq class Seq class Seq class
(m' nl) (m, nl) (mr nl) (mr nl) I
III 18] 5 III : ii : Il :
I . ] I . ] ! [] I []
Seq class Seq class Seq class Seq class
(m,n;) (m,ny) (m,ny) (m,n;)
6l|nz 6l|n2 6””2 6l|n2
() zyy < O, for l Theorem 4. When t —» +o,
(b) z,; > 0, for distinct token [ n, . Mnyt
(c) z,; () grows faster with larger P(l|m, n) Bn(t) ~In| Co + 2K 77Y1 ( K )
Attention scanning:
Theorem 3 When training starts, B,,(t) = O(Int)
: : Clin () Attention snapping:
Relative gain 7y 7, (£) = S®— _1hasa e 7 e
(D Whent >ty =0 ( ), B,(t) = 0(lnlnt)

close form:

(1) n, and ny are large, B, (t) is large and attention is sparse N SREER Nl 3 CEELANEST .
(2) Fixing N, |arge Ny leads to 5||ght|y small Bn (t) and denser attention Figure 7: Attention patterns in the lowest self-attention layer for 1-layer (top) and 3-layer (bottom) Trans-

former trained on WikiText2 using SGD (learning rate is 5). Attention becomes sparse over training.

rl/l’|n(t) = Tl/l’|n(0))(l(t)

v=1.0,M=10000

If [, is the dominant token: 1y /;;,(0) > 0

147 v #last/next tokens = 1/2 #last/next tokens = 3/6 #last/next tokens = 5/10 #last/next tokens = 10/20
1 4
forall [ # [y then . | : /_‘_,_4  — S ——]
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nz=1.0,ny=1.0 nylnz ny/nz nyvinz nylnz

o ZZ ig Z ig Figure 6: Average entropy of ¢, (Eqn.[3) on distinct tokens versus learning rate ratio 7y /nz with more last

— 1,=8.0,ny=8.0 tokens M /next tokens K. We report mean values over 10 seeds and standard derivation of the mean.

where B,,(t) = 0 is a monotonously
increasing function with B,,(0) = 0.
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